We propose a new class of tight-binding models where a flat band exists either gapped from or crossing right through a dispersive band on two-band (i.e., two sites/unit cell) tetragonal and honeycomb lattices. By imposing a condition on the hopping parameters for generic models with up to third-neighbor hoppings, we first obtain models having a rigorously flat band isolated from a dispersive band with a gap, which accommodate both rank-reducing and non-rank-reducing of the Hamiltonian. The models include Tasaki's flat-band models, but the present model generally has a nonzero flat-band energy whose gap from the dispersive band is controllable as well. We then modify the models by appropriately changing the second-or third-neighbor hoppings, leading to a new class of two-dimensional lattices where a (slightly warped) flat band pierces a dispersive one. As with the known flat-band models, the connectivity condition is satisfied in the present models, so that we have unusual, unorthogonalizable Wannier orbitals. We have also shown that the present flat-band model can be extended to three (or higher) dimensions. Implications on possible high-TC superconductivity are discussed when a repulsive electron-electron interaction is introduced, where the flat band is envisaged to be utilized as intermediate states in pair scattering processes.
I. INTRODUCTION
Since the late 1980's, it has been recognized that electronic energy bands can become dispersionless due to quantum interference in certain classes of multi-band lattice systems, which is totally different from a trivial atomic limit with vanishing hopping. Such systems, called "flat-band" systems, were kicked off by Lieb 1 , which was subsequently extended by Mielke and by Tasaki [2] [3] [4] . In these models the interests were magnetism, for which ferromagnetism is rigorously proved for arbitrary onsite (Hubbard) repulsion when the flat band is half-filled. The mechanism for the magnetism is that we have an unusual situation where Wannier orbitals cannot be orthogonalized, so that Pauli exclusion minimizes the repulsive interaction when spins are aligned 3 .
In quite a different avenue, people have started to explore whether flat-band models could accommodate unconventional superconductivity [5] [6] [7] [8] . Specifically, when the electron-electron interaction is repulsive, virtual pair scatterings between the dispersive and flat bands in the spin-fluctuation meditation pairing are recognized to lead to relatively high-T C superconductivity when the flat and dispersive bands are intersecting with each other [5] [6] [7] [8] . The flat-band system has also attracted attention in the context of topological properties, since a nontrivial Chern number can be defined when a flat band is separated from other ones [9] [10] [11] [12] . Superconducting and topological properties may even be related with each other: Recently Törma and coworkers have examined the superfluid weight for the flat-band superconductivity in terms of the Chern number for attractive interactions 13, 14 . For repulsive interactions, Kobayashi et al. show that the superconductivity in a flat-band model sits right next to a topological-insulator phase 8 . Orbital susceptibility in the flat-band models is also discussed in Refs. [15] [16] [17] . These studies attest that flat-band systems can be of great importance in condensed-matter physics in terms of magnetism, superconductivity and topological properties.
So far, three classes of flat-band models have been proposed: Lieb, Mielke and Tasaki models [1] [2] [3] . In Lieb's bipartite models 1 , the flat band has exactly zero energy as imposed by the electron-hole symmetry. The emergence of flat bands in the model is due to the fact that the rank of the tight-binding Hamiltonian matrix for the AB bipartite model is reduced when the total number of A-sublattice sites differs from that for B sites. By contrast Mielke's model 2 is constructed based on a "linegraph" method in the graph theory, which can also give rise to dispersionless bands. A typical Mielke model is kagome lattice, which is a line graph of honeycomb lattice. Tasaki's model 3 is built in a systematic manner called a "cell construction", where cells, each composed of a single internal site and n external sites, are connected with m cells sharing an external site [called (n, m)- Tasaki model] . Unlike Lieb's and Mielke's models, Tasaki's model induces a flat band that is separated from a dispersive one with a nonzero energy gap. There, the flat band arises via reduction of the rank of the Hamiltonian, which imposes the energy of the flat band to be zero. Now, if the expectation that a flat band intersecting a dispersive one can favor superconductivity is correct, it is highly desirable to systematically construct a class of flat-band models where the intersection is controllable, most simply in two-band models in two (or higher) dimensions. In this work, we precisely propose such a new class of flat-band models. We start with constructing a case of isolated flat band with tunable energy for tight-binding models, on two-dimensional body-centered tetragonal lattice and honeycomb lattice with up to the third-neighbor hoppings. We then impose an "auxiliary condition" to obtain exactly flat band models composed of both non-rank-reducing and rank-reducing cases of the Hamiltonian, where Wannier orbitals are still unorthogonalizable. An advantage of thus obtained class of models is that the flat band has a nonzero energy (as in Mielke's model) with a gap between the flat and dispersive bands (as in Tasaki's model), where the gap is controllable. The model is then used to construct a case of crossing flat and dispersive bands by tuning the second-or thirdneighbor hoppings, which realizes the flat band piercing right through the dispersive band, although the flat band becomes slightly warped. We shall finally show that the present flat-band models can be readily extended to higher dimensions. This paper is organized as follows: In Sec. II, we construct a flat-band system on the tetragonal lattice. We then consider in Sec. III a one-parameter deformation of the tetragonal flat-band model to realize the flat band piercing the dispersive band. Section IV constructs a flatband model on the honeycomb lattice. In Sec. V and Appendix C, respectively, we construct a flat-band model on three-dimensional (3D) and general-dimensional bodycentered-cubic lattices. Section VI is devoted to summary and discussions.
II. FLAT-BAND MODEL ON TETRAGONAL LATTICES: GAPPED CASE

A. Model
We begin with a single-particle tight-binding model,
where t i,j (i = j) is the transfer energy, t i,i the onsite energy, and c † i creates an electron at site i with suppressed spin indices. We consider a lattice, here exemplified by a tetragonal one, that can be divided into two (A and B) sublattices with two sites per unit cell, which implies we are considering a two-band model. The model, depicted in Fig. 1 , comprises nearest-neighbor(t), second-neighbor (t (2) ) and third-neighbor (t (3) ) hoppings along with onsite energy (t (0) ) as
t AB = c,
BB = e, IIIB : t
where subscripts denote sublattices and a, b, c, d, e ∈ R.
Here, c is the nearest hopping between AB, while d(e) characterizes AA (BB) hoppings, where the next-nearest hopping on each (A or B) sublattice is set to be half the nearest one on the sublattice. In k-space the Hamiltonian is
with
where we have defined We search for a condition that the model has a finite parameter region in which a flat band emerges: If the two energy eigenvalues of the two-band Hamiltonian take a form,
where α, β, γ, κ are real coefficients, we achieve a flat band when β = 0 or κ = 0 is satisfied. If we consider the characteristic polynomials for (2) and (5), the former is
while the latter is
For the two expressions to coincide with each other we have five equations,
When we eliminate α, β, γ, κ, we obtain a single equation
which we call an "auxiliary condition". Hereafter we impose this condition on the five parameters in Eq. (1) , so that the model contains four independent parameters. We note that the auxiliary condition is a sufficient condition that the model has a parameter region in which a flat band emerges. By diagonalizing the Hamiltonian (2) with the auxiliary condition (9), we obtain the upper (E + ) and lower (E − ) bands as
where the parameter c is eliminated through the auxiliary condition. Obviously, the case of d = 0 (i.e., t
BB = 0) yields a flat band. These energy eigenvalues are independent of choice of the sign in the auxiliary condition,
Although c is eliminated, |c| controls the band width, etc, indirectly through the auxiliary condition.
We note at this point that the energy of the flat band in the present model is nonzero in general, so that the flat band does not necessarily come from the rank reduction of the Hamiltonian as in Tasaki's two-band model. From Eq. (10), we find that the gap between the flat and dispersive bands is b − a + 2d for e = 0 or a − b + 2e for d = 0, which are obviously tunable.
Here, let us summarize the number of adjustable parameters in the model. In the examples below, we set |c| = 1 as a unit of energy and we are left with three independent parameters. To obtain a flat band, we further set d = 0 or e = 0, so that we are left with two adjustable parameters. These two parameters enable us to control both the energy of the flat band and its gap from the dispersive band. In the next two subsections, we also deal with a case of an extra condition imposed to classify the model, in which case we have only one adjustable parameter, with a Tasaki's model belonging to this.
B. Non-rank-reduced type
For a general choice of the parameters the present model leads to a non-rank-reduced type. For example, if we consider a simple case of a = b (no level offset for A and B sites), we end up with hopping parameters
where we have eliminated b and c by use of the auxiliary condition and a = b. The eigenvalues are
For d = 0 or e = 0, a flat band emerges, which has a nonzero energy in general. With fixing the unit of energy (|c| = 1) and realizing a flat band (e.g. e = 0) with the condition a = b, we are left with only one adjustable parameter (a) since d is fixed by c and e via c = ±(d − e). A typical example is illustrated in Fig. 2 for (a, b, c, d, e) = (4, 4, 1, 1, 0).
C. Rank-reduced type
The conventional two-band flat-band models such as Tasaki's produce a flat band by reducing the rank of the Hamiltonian matrix from two to one. We can realize this situation as well in the present model, Eq. (1) with Eq. (9), by e.g. imposing an extra condition that the wavenumber-independent part of the energy eigenvalues in Eq.(10) be zero, i.e., b + 2d − 2e = 0 or If we consider the latter case, the hopping parameters become
where we have eliminated c and d with use of the auxiliary condition Eq. (9) and the rank-reduction condition (13). The energy eigenvalues in this case are
Here, a + 2e = 0 [i.e., d = 0 from Eq.( (13)] or e = 0 yield a flat band. With |c| = 1 and the flat-band condition (e.g. e = 0) under the extra condition Eq. (13), we are left with one adjustable parameter since a and b are related through c = ± √ ab/2. A typical band structure is illustrated in Fig. 3 for (a, b, c, d, e) = (2, 2, 1, 1, 0) satisfying Eqs. (9), (13) and e = 0, where the flat band is indeed located exactly at zero energy.
Another type of the rank-reduced flat-band models can be obtained if we impose that the wavenumberindependent part of the eigenvalues becomes zero simultaneously with the coefficients of the wavenumber- dependent part, i.e.,
If this condition is satisfied, the relevant eigenvalues become zero. As a matter of fact, this case includes Tasaki's (n, m) = (4, 4) model 3 which is defined there in terms of three parameters denoted as t, s, ν(∈ R). In our parametrization, Tasaki's model is given by
with ν = 0 for the connectivity condition. Namely we have
Since d, e and t, s are related as d = 2ν 2 t and e = −2ν 2 s, the condition Eq. (15) is satisfied, i.e., setting d = 0 or e = 0 (equivalently t = 0 or s = 0) results in exactly zero-energy flat band.
D. Connectivity condition
In the known flat-band systems, Wannier orbitals cannot be orthogonalized and have an overlap with each other. The condition for unorthogonalizable Wannier orbitals is called the "connectivity condition" for the density matrix. Intuitively, this condition is satisfied if arbitrary configurations of electrons on the lattice are realized just by moving a single hole. In Sec. II C, we have seen that the present model includes Tasaki's model, which is shown to satisfy the connectivity condition 4 .
Even though the present class of models is broader than Tasaki's, the lattice structure and the pattern of hoppings in the two models are similar. In such bipartite models, the AB nearest hopping (t AB = c here) connects a pair of lattice sites A and B, which is called an "exchange bond". It was shown 4 that the connectivity condition is satisfied as long as the whole lattice is connected via the exchange bonds, or equivalently the hoppings for all the exchange bonds are nonzero. This situation is realized in the present model when t AB = c = 0. Therefore, the connectivity condition is considered to hold in the present model for c (= 1 here) = 0 with the Wannier orbitals unorthogonalizable.
III. MODIFIED MODELS: CROSSING FLAT AND DISPERSIVE BANDS
For the above flat-band model, we can prove that the flat and dispersive bands cannot overlap with each other, since the two energy eigenvalues in Eq. (10) cannot cross with each other for d = 0 or e = 0 with c = 0: Let us consider a case with e = 0 in Eq. (10) . In order for the flat and dispersive bands to intersect, the flat band with E − = a − 2d needs to be between the top and bottom of the dispersive band
where we have used the auxiliary condition (9) in the second expression. The equation cannot be satisfied for c = 0. This implies that we have to introduce some modifications of the present flat-band models to realize crossing between the flat and dispersive bands. Here we consider two types of deformations.
A. Type-I deformation
In our first deformation (which we call Type-I) we deform the third-neighbor hoppings as
where the third-neighbor hopping t
BB between B sites is reduced by ǫ with 0 < ǫ < 2. To retain the flat-band structure as much as possible, we still impose the auxiliary condition Eq.(9) on the five parameters a, b, c, d, e in Eq. (20) . The Hamiltonian for (20) becomes
While the expression for the energy eigenvalues obtained by diagonalizing this matrix is quite complicated (which can be obtained with Mathematica), we can numerically see that a nearly flat band emerges for d = 0 as we shall see. In the following examples, we again set |c| = 1 as a unit of energy. A typical example is displayed in Fig. 4 for  (a, b, c, d , e) = (2, 10, 1, 0, 2 + √ 5) with ǫ = 1/2, which satisfies the auxiliary condition Eq.(9). We can see that there is a nearly-flat band that intersects a dispersive one.
To be more precise, each of the lower and upper bands is composed of nearly-flat and dispersive parts. For fixed a = 2, c = 1, d = 0, ǫ = 1/2, we can adjust the flatness by varying b: the larger the b, the stronger the flatness. We also depict the contour plot of the lower band in Fig. 5 , where we indicate the half-filled Fermi surface as bold lines, whose chemical potential µ = 1.528 is determined numerically. Here "half-filling" means a situation that the lower band is half-filled, where the total filing factor is N e /N s = 1/4 with the numbers of electrons and sites being N e and N s respectively. The Fermi surface happens to have nesting vectors (0, ±π), (±π, 0) for this choice of the Fermi energy.
We can also construct an inverted band structure, as exemplified in Fig. 6 for (a, b, c, d , e) = (6, 2, 1, 0, −1− √ 2) and ǫ = 1/2 with the auxiliary condition Eq.(9) again satisfied. We note that a negative e leads to an inverted band, with c still positive.
We can note that the lower and upper bands in the Type-I deformed model touch with each other at two points on each edge of the Brillouin zone (k x = ±π or k y = ±π) as seen in Fig. 4 . By comparing the energy eigenvalues of the lower and upper bands, we find that the touching occurs as long as |(a − b + 2e)/(2eǫ)| < 1 is satisfied.
B. Type-II deformation
Alternatively, we can modify the second-neighbor hopping on B sites, t t AB = c,
BB = e(1 − ǫ), IIIB : t where we again preserve the auxiliary condition Eq.(9). The Hamiltonian in k-space now becomes H AA = a + 2d(cos k x + cos k y + cos k x cos k y ) ,
In this case a nearly flat band emerges for d = 0. A typical example is displayed in Fig. 7 for (a, b, c, d , e) = (2, 4, 1, 0, (1 + √ 5)/2) with ǫ = 1/2. Although a nearly, and partly, flat band intersects a dispersive one in this case too, the Fermi surface for the half-filled lower band with the chemical potential µ = 0.764, shown in Fig. 8 , is diamond-shaped [with nesting vectors (±π, ±π)] and differs from those in Type-I deformation. Here "halffilling" again means N e /N s = 1/4.
C. Possibility of superconductivity
At this point let us discuss one implication of the band structures obtained here. As mentioned in the Intro- duction, it has been proposed that, when flat band and dispersive band are intersecting, the virtual pair scatterings between the two bands can lead to relatively high-T C superconductivity [5] [6] [7] [8] . In particular, quasi-onedimensional systems with the flat-dispersive band crossing were shown to exhibit a relatively high-T C superconductivity, with the fluctuation-exchange approximation (FLEX) 5 and with the density-matrix renormalization group (DMRG) 8 . In these quasi-1D models, however, the dispersive band has a k-linear dispersion around the band crossing. This makes the density of dispersive states finite in 1D cases around the flat-band energy. When we go over to 2D models, however, Lieb's model has a dispersion linear in k x and k y (i.e., a "Dirac cone") around the band crossing, which implies the density of dispersive states around the flat-band energy vanishes since we are now in 2D. Then what we want, for a nonzero density of states, is a flat band piercing a parabolic band (or more generally a cosine band). The deformed flat-band model we have constructed in Section III does realize such an intersection between the (nearly) flat and dispersive bands. If we consider the case in which the Fermi energy is close to, but away from, the flat part of the bands, then the virtual pair scatterings between flat and dispersive parts may favor superconductivity. In the 1D case it is shown 5 that such superconductivity persists even when the flat band is warped to some extent, since the virtual pair hopping can still work. So it will be an intriguing question to ask whether the superconductivity in 2D such as d-wave pairing could be enhanced in the present model.
The spin-fluctuation mediated pairing between flat and dispersive bands is enhanced when the virtual pair scattering occurs on the same sublattice (A or B) as suggested from the two-band FLEX 18 . It means that it is better to avoid a case in which the A-component is dominant on the flat band while the B-component is dominant on the dispersive band (or vice versa). So let us now look into the wavefunction character in Fig. 9 for the upper and lower bands in the Type-I deformed model (Fig. 4) , and in Fig. 10 for those in the Type-II deformed model (Fig. 7) . We here depict the A-component weight |ψ Fig. 9 for the Type-I deformed model, we find that the A-component is dominant in the flat parts while the B-component is dominant in the dispersive parts. However, the A-component remains in the dispersive parts close to the energy regions of the flat parts: Typically, k = (2π/3, 2π/3) belongs to dispersive parts both in upper and lower bands but sits close to the flat parts (yellow region in Fig. 5 ), where we have |ψ In the Type-II deformed model, this occurs even more conspicuously as seen in Fig. 10 , where we can see that the A-component dominates both the flat and dispersive parts of the lower band: For example, we find that k = 0 belonging to the flat part of the lower band (as seen from These suggest that the Type-II deformed model can lead to even more significant pair hoppings between the flat and dispersive bands.
As for the A and B sublattices, we can make another comment, on the relation with a preceding research: Imada et al. considered a flat-band model in which each lattice site having usual hopping is accompanied by extra orbitals with no hopping to adjacent sites. This may also be regarded as a three-layer model with intersite hoppings existing only on one layer. They argue that a high-T C superconductivity could be realized when the Fermi energy is set right on the flat band 19 . In the present models, on the other hand, we consider single-layer lattice systems with distant hoppings, and also we have in mind the flat band as intermediate states for virtual pair scatterings for E F sitting away from the band. Still, the relation between these models will be interesting.
IV. FLAT-BAND MODEL ON HONEYCOMB LATTICE
In order to show that the present scheme is not restricted to tetragonal (cubic in general dimensions) lattices, let us now consider a tight-binding model on honeycomb lattice (Fig. 11) . Here we only consider the nearest(I) and second (II) neighbor hoppings as
t AB = c, with five free parameters a, b, c, d, e ∈ R. The Hamiltonian is
Here, k x and k y are wavenumbers on a Cartesian coordinates, and we have defined
A procedure to obtain the auxiliary condition, i.e., a condition that a model has finite parameter space in which a flat band can emerge, is parallel to that for the tetragonal model: If energy eigenvalues of the Hamilto-nians (25)(26) take a form
we achieve a flat band for β = 0 or κ = 0. By comparing two characteristic polynomials for Eqs. (25) and (28), we obtain five equations,
which lead to a condition for a, b, c, d, e for the honeycomb model as
Again, this auxiliary condition is a sufficient condition for the model to have a parameter region for flat bands, which we impose hereafter, so that the model contains four independent parameters.
Aonsite Bonsite I IIA IIB By diagonalizing the Hamiltonian matrix (25) with the auxiliary condition (30), we obtain the upper and lower energy bands,
where the parameter c is eliminated with use of the condition. It is obvious that d = 0 or e = 0 yields a flat band. Again, the energy of the flat band is nonzero in general, so that this model is not necessarily the rank-reduction type. Equation (31) indicates that the gap between the flat and dispersive bands is given by b − a + 3d for e = 0 or a − b + 3e for d = 0, which are tunable. As in the tetragonal case, setting |c| = 1 and d = 0 or e = 0 leaves us two adjustable parameters, which enable us to control both the energy of the flat band and the gap from the dispersive band. Non-rank-reduced honeycomb model: In Fig. 12 , we depict a typical example of the non-rankreduced honeycomb flat-band model for (a, b, c, d , e) = (1/ √ 3, 1/ √ 3, 1, 1/ √ 3, 0), where the flat band has a nonzero energy. ).
Rank-reduced honeycomb model: The rank-reduced type of the honeycomb flat-band model is obtained by imposing a further condition,
in which the wavenumber-independent part of upper or lower bands becomes zero. A typical case is depicted in Fig. 13 for (a, b, c, d , e) = ( √ 3, √ 3, 1, 1/ √ 3, 0), which satisfies the rank-reduction conditions (32), where the flat band indeed has exactly zero energy.
Another type of the rank-reduced honeycomb models is obtained by imposing that the wavenumber-independent part of the eigenvalues becomes zero simultaneously with the coefficients of the wavenumber-dependent part (d or e), i.e.,
If this condition is satisfied, the relevant eigenvalues become zero. The models with this condition contain Tasaki's (n, m) = (3, 3) model 3 , where the parameters ν, t, s defining the model is related to the present one as
This parametrization leads to
Since d, e and t, s are related as d = ν 2 t and e = −ν 2 s, the condition (33) is satisfied for ν = 0. Here, setting d = 0 or e = 0 (equivalently t = 0 or s = 0) results in exactly zero-energy flat band. We again have one adjustable parameter for a fixed unit of energy (|c| = |ν(t + s)| = 1). Similar to the tetragonal case, we can infer that the connectivity condition is satisfied with the Wannier orbitals unorthogonalizable in the present honeycomb model, as in Tasaki's (n, m) = (3, 3) model.
We note that a related honeycomb flat-band model with no onsite potentials is discussed in Ref. 20 .
V. FLAT-BAND MODEL ON 3D BCC LATTICES
The formulation for 2D lattices above is so general that we can readily extend the tetragonal model to threedimensional body-centered cubic (bcc) lattices, as depicted in Fig. 14 . There, we need to consider the nearest (t), second-neighbor (t (2) ), third-neighbor (t (3) ) and fourth-neighbor (t t AB = c,
For the hoppings on each of A and B sublattices, the nextnearest (diagonal on a plane) hopping on A(B) sublattice is set to be half the nearest one, d(e), while the nextnext-nearest one (diagonal on a cube) is set to be half the next-nearest one. In k-space the Hamiltonian is
where we have defined
Desirable forms of energy eigenvalues are
where we achieve a flat band when β = 0 or κ = 0. We again consider the characteristic polynomials for Eqs.(38),(41), where the former becomes
By comparing the two characteristic polynomials, we obtain five equations,
From these we eliminate α, β, γ, κ to obtain a single equation for a, b, c, d, e, which amounts to an auxiliary condition,
Imposing this, the model is left with four independent parameters. By diagonalizing the Hamiltonian (38) with the auxiliary condition (45), we obtain the upper and lower energy bands as
where the parameter c is eliminated through the auxiliary condition. Obviously d = 0 or e = 0 yields a flat band. The models are extended to higher dimensions in Appendix. C.
VI. SUMMARY AND DISCUSSIONS
In this work, we have proposed flat-band models on the 2D fcc lattice and the honeycomb lattice. We have considered the tight-binding models with up to the thirdneighbor hoppings, for which we impose an auxiliary condition for a dispersionless band to emerge. We have then succeeded in obtaining flat-band models in two classes: one class has a flat band separated in energy from a dispersive band, where the present model has virtues of a nonzero flat-band energy and a tunable gap between the bands. The other class, obtained by deforming the first class, has a (nearly) flat band that pierces right through a dispersive band. So this is a first realization of a twodimensional flat band crossing with a parabolic band in two-band models. In both classes we have in general nonrank-reduced situation that contains rank-reduced one as a special case. We have noted that the present models include Tasaki's cell-constructed flat-band models. We have also indicated that these models satisfy the connectivity condition as in the known flat-band models, with the Wannier orbitals unorthogonalizable. We have shown that we can construct higher-dimensional versions of the flat-band models by introducing more distant hoppings.
Future works should include the following: (i) Study of superconductivity in the deformed flat-band model with the intersection of the flat and dispersive bands to ascertain whether the pair scatterings between the dispersive and flat bands can really enhance superconductivity.
(ii) To elucidate topological properties of the flat-band systems. In our (undeformed) model a flat band has a nonzero energy and gapped from the dispersive band, for which we can define a Chern number to discuss topological properties of the flat band. Refs.
9-12 indeed report that the flat-band systems can realize topological insulators with nontrivial Chern numbers. Superfluid weight and its relation with the topological number is another important property as investigated in Ref.
14 . On the other hand, Ref.
21 argues that three conditions -finiteranged hoppings, nonzero Chern number, and exactly flat band -cannot be simultaneously satisfied. The present deformed models in the present scheme have warped flat bands, so that it is an interesting question as to whether this allows nonzero Chern numbers. (iii) We also would like to see whether the present scheme for construction of the bipartite, two-band flat-band models may be extended to three-band and higher number of bands.
